We review the stability of various icosahedral quasicrystals (iQc) from a metallurgical viewpoint. The stability of stable iQcs is well interpreted in terms of Hume-Rothery rules, i.e. atomic size factor and valence electron concentration, e/a. For metastable iQcs, we discuss the role of phason disorder introduced by rapid solidification, in structural stability and its interplay with chemical order and composition.
Introduction
A diffraction pattern indicating icosahedral symmetry, long forbidden in traditional crystallography, of Al-Mn alloy prepared by a rapid cooling technique from the melt, had inspired the world of solid state science [1] . Meanwhile, together with icosahedral symmetry, the new phase generates a nonperiodic array of diffraction peaks in the diffraction pattern, indicating an aperiodic arrangement of atoms. Traditionally, a crystalline structure is defined by a periodic repetition of a unit cell, and the periodicity is another definition for translational symmetry, the strictest form of long-range order [2] . On the other hand, an icosahedron is locally the most densely packed arrangement but an icosahedral symmetry is incompatible with the translational symmetry because the icosahedral motif alone cannot completely fill space in three dimensions. Therefore, it was believed to be impossible that a long-range order with icosahedral symmetry would be formed in a realistic matter.
Nowadays, more than one hundred alloys [3, 4] have been verified to be stable icosahedral quasicrystals (iQcs) and that * Invited paper.
iQcs exist in the equilibrium phase diagrams. Undoubtedly, the quasicrystal is no longer a unique form of solid; it exists universally in many metallic alloys and some polymers [5] . Except for the Al-Li-Cu system, all the stable iQcs are well ordered in structure and almost free of defects and disorder, as evidenced by x-ray and electron diffraction studies where stable iQcs reveal peak widths as sharp as those of perfect crystals such as Si, which enable ones to study the structure in detail. In principle, the stable iQcs are realized as a new form of Hume-Rothery electron compounds [6] in which the valence electron concentration is particularly important. On the other hand, since a number of stable iQcs have been found, less attention has been paid to the metastable ones owing to their intrinsic disorder and instability. However, the intrinsic disorder is generally created during the growth processes, and partly contains structural characteristics of the liquid state. The structure of metastable iQc is believed to contain structural units which also exist in the stable iQc and the liquid state. Therefore, the metastable iQc may be regarded as an intermediate between the latter two states, and by incorporating structural information of the three states, one may gain insight as to why Nature prefers the quasicrystalline structure.
In this article, we overview the stability of quasicrystals in light of physical metallurgy and in relation to phason disorder. The stability of iQc has generally been discussed in terms of electron structure, i.e. the interaction of Fermi spheres and rillouin zones, but because of the page limitation, we do not go into the details of this topic in this article. The intention of this article is to overview the stability of iQcs in a unique way such that we cover stable and metastable iQcs. The article is organized into three parts. First, we briefly describe how to obtain a one-dimensional quasicrystal by means of the projection method. By choosing the proper conditions, one can obtain a random quasicrystal or a long periodic crystal which could be viewed as a kind of 'quasiquasicrystal', where the term of phason strain has a key role in the interaction with the quasiperiodic structure. Theoretically, three possible models are derived by the projection method: the perfect quasicrystal, the quasicrystal with linear strain and the quasicrystal with random strain. We use three real examples that are described by the three respective models, and discuss their stability separately.
Most of the metastable iQcs obtained by rapid solidification are quasicrystals with linear phason strain, and those obtained by the crystallization of glass states are quasicrystals with random strain. Structures of metastable iQcs will be considered in light of quenched-in strains. The roles of chemical order and chemical composition in structural stability will be discussed. For perfect quasicrystals, most stable iQcs are described by this model and their stability is elucidated in terms of Hume-Rothery rules, e.g. valence electron concentration (e/a) and atomic size factor.
Structural description of iQc

Structures in projection scheme
The term of 'phason' appeared in the literature [7] soon after the discovery of the quasicrystal. Theoretical treatments of highly ordered quasicrystals introduce two unit cells with different shapes into tilings [8, 9] , like those described in Penrose tiling. Such arrangements in a given number of dimensions (D) have 2 × D degrees of freedom, instead of the 1 × D for crystals. The additional degrees of freedom are associated with the relative phase of the two different unit cells, and allow a new hydrodynamic variable to be identified, the 'phason' vector. This vector can be continuously varied in analogy to the phonon (translation vector) found for both crystals and quasicrystals. Just as the phonon variable leads to long wavelength and low energy distortion of crystals, the phason variable in quasicrystals leads to a second type of distortion, 'phason strain' or 'phason disorder'. Such phason strain is expected in three-dimensional tiling with two definite building blocks. Here, details of the theoretical background of phason strain are not given but the resultant effect of phason strains representing in diffractions observed in the samples prepared by different processes, will be discussed. In order to capture the essential concept of phason strain, we use a simple projection method to describe it, although it does not give symmetry elements that are found in three-dimensional cases. Figure 1(a) is a schematic projection from twodimensions to one-dimension of a Fibonacci sequence illustrating the different kinds of phason disorder leading to different diffraction effects. Let a two-dimensional lattice points sit at the corners of squares in a grid. Then, we design a strip with a slope of an irrational number tan −1 (1/τ ), where τ is the golden mean, (1 + √ 5)/2, with respect to the lattice, and let lattice points covered by the strip project onto a line that is parallel to the strip; the projected points will divide the line into a quasiperiodic sequence of long (L) and short (S) segments. This sequence is called a Fibonacci sequence and is exactly a one-dimensional quasicrystal if we imagine that an atom sits at each of the points divide the line into long and short segments. The diffraction pattern derived from the quasiperiodic sequence consists of a dense set of weak and strong peaks [10] and is similar to that obtained from stable Zn 80 Mg 5 Sc 15 iQc [11] . Using a similar approach to that of diffraction experiments, one can solve the structure of iQc [12, 13] , which is described as a three-dimensional cut through an abstract six-dimensional lattice. This kind of cut leads to a space filling with specific units arranged in an aperiodic way with icosahedral symmetry [14, 15] . This is a framework structure of the iQc. In the ideal case, there is no phason disorder, and in fact, no visible phason disorder was observed in the stable iQcs [16] . A twofold electron diffraction pattern obtained from such a stable iQc, together with its line profile along a twofold direction, are displayed in figure 1 (a), which shows that the lattice spacing inflates with a τ scaling. Most stable iQcs are free of phason disorder and generally have a narrow composition range, therefore their stability is elucidated in terms of the Hume-Rothery rules, as will be described in section 4.
The second case is one in which the slope of the strip with respect to the lattice is tan −1 (1/2), which is a rational number. The projected points will divide the line into a sequence of two long and one short segment, i.e. a sequence of LLSLLSLLS . . . . This sequence gives a diffraction pattern with a similar distribution of peaks to those of the quasiperiodic sequence but nevertheless, it is a periodic sequence. Consequently, this is a crystal with a periodicity of LLS, and by tilting the strip to a slope toward an irrational number, one can obtain a sequence with longer periodicity, e.g. LLSLS, LLSLLSLS. Note that the ratios of n L /n S are 2/1, 3/2, 5/3 . . . . If the slope of the strip is the irrational number tan −1 (1/τ ), n L /n S is τ the sequence will be quasiperiodic. A sequence with rational ratios of n L /n S is called an approximant. A higher order (with n L /n S close to τ ) approximant can be described as a quasicrystal with a linear phason. Note that two sequences are surrounded by two dotted lines on the left-hand side in figures 1(a) and (b). The sequence is LSL in a perfect quasicrystal but it is LLS in the approximant where the sequence changes by a flip between S and L arising from the projection of a different lattice point. This flip called phason flip, is a flipping of tiles in two-dimensions or threedimensions. The illustration given in figure 1(b) is an example of the 2/1 approximant in the In-Ag-Yb system [17] . In three-dimensions, the 2/1 approximant is a cubic structure that has an electron diffraction pattern (along a pseudo Another extreme example has long and short segments arranged in a completely irregular fashion with the resultant sequence being random, as shown in figure 1(c) . Note that the short-segment pair of SS, which is not allowed in the quasiperiodic sequence, appears in the random sequence. To obtain this sequence, a corresponding strip of a random walk is used. If the average slope of the strip of the random walk is maintained at around ∼ tan −1 (1/τ ), the random sequence will give rise to a diffraction pattern that is quite similar to the pattern obtained from the original quasiperiodic sequence. The diffraction patterns of the random sequence are found at the same positions as those from the quasiperiodic sequence but are broader. This corresponds to a quasicrystal with random phason disorder, which is clearly observed in the iQcs obtained by the crystallization of amorphous phases. One such electron diffraction pattern and its line profile are shown in figure 1(c). Only the more intense peaks remain. Nevertheless, the existence of relatively sharp diffraction peaks from the random sequence indicates that quasiperiodicity can survive disorder. Figure 1 shows three structures derived from the projection method, a perfect quasiperioidc structure, a longer but periodic structure and an averaged quasiperiodic structure with intrinsic disorder, that are observed in real iQcs. For the perfect quasiperiodic structure, we will deal with HumeRothery rules, in particular, electron valency. We will then describe the last two structures associated with phason disorder and discuss the effects of the compositions and chemical order on phason disorder.
iQcs with extinction rules
The stable iQcs studied by electron diffraction analysis exhibit reflections arranged quasiperiodically in three dimensions. The stable iQcs generally have icosahedral symmetry revealing diffraction patterns of fivefold, threefold and twofold symmetries. It has been shown that there can exist three types of Bravais lattices in three dimensions consistent with the icosahdral symmetry [18] . The three lattices correspond to the primitive, body-centered and facecentered hypercubes in six dimensions [19] . The primitive and face-centered iQcs have been verified in several alloys. These two types of iQcs can be distinguished by their twofold patterns. Figure 2 shows twofold patterns of the primitive (P-type) and face-centered (F-type) iQcs indexed along the fivefold direction. Along this fivefold direction, the distance between the reflections shows an inflation by τ 3 for the Ptype iQc and by τ for the F-type iQc [20, 21] . The indexing of these reflections is shown in table 1. The six-dimensional indices (n 1 , n 2 , n 3 , n 4 , n 5 , n 6 ) of these reflections have all combinations of integers n i for the P-type iQc, while the superlattice reflections (at τ ratios) in the F-type iQc have only odd integers. In the earlier period, the P-type iQc was only observed in samples with a large amount of intrinsic disorder, and it was suspected that the superlattice reflections that characterize the F-type structure may be hidden underneath the disorder. This suspicion has been clarified by the discovery of a group of iQcs in the Cd-Yb class [22] , several iQcs of which reveal P-type structure with high structural perfection. the center is a Cd tetrahedron, the 1st shell is a Cd dodecahedron, the 2nd shell is a Yb icosahedron, and the 3rd shell is a Cd icosidodecahedron.
iQcs with different clusters
Long before the discovery of iQcs, it was already known that although fivefold and icosahedral symmetry is forbidden in the presence of two-and three-dimensional translation groups, local icosahedral arrangements of atoms in crystals are possible. Indeed, this is fairly common in some complex metallic alloys. Many such alloys are now called 'approximants' [23] . As mentioned in section 2.1, the approximant can be generated by a rational cut through highdimensional space, and hence an approximant and an iQc is related in structure through 'linear phason strain', as described in figure 1(b). It is described that an identical icosahedral cluster exists in both the iQc and the corresponding approximant but it is in a quasiperiodic arrangement for the former and a periodic arrangement for the latter [23] . Indeed, the electron diffraction pattern in figure 1(b) is a twofold pattern of a 2/1 approximant. Approximants are important for understanding the structure of the iQc since the structures of approximants have been well defined, which is very helpful in obtaining a primary structure model. The iQcs can be classified into three classes according to hierarchic structures of icosahedral clusters derived from their counterpart approximants: the Al-Mn-Si [23, 24] class, the Mg-Al-Zn [25, 26] class and the Cd-Yb [22, 27] class. The structures of the atomic shells for the three classes are shown in figure 3 . It has been recognized that two complex compounds, whose structures are well known, α-Mn 12 (Al, Si) 57 [24] and Mg 32 (Al, Zn) 49 [25] , were indeed approximants of the iQcs in the Al-Mn-Si class and the Mg-Al-Zn class, respectively. The former is also called the Mackay cluster and the latter is known as the Bergman cluster. Each of these two structures has a bcc packing of clusters consisting of three concentric atomic shells with icosahedral symmetry, as shown in figures 3(a) and (b). The stable iQcs found in Al-Cu-Fe and Al-Pd-Mn alloys were grouped into the Al-Mn-Si class and their corresponding approximants were found in the same alloy systems but at compositions deviating from those of iQcs [28, 29] . On the other hand, stable iQcs in the Zn-Mg-RE (RE: rare-earth metals) systems were grouped into the Mg-Al-Zn class, but no corresponding approximants were found in this system.
The third class of Cd-Yb is related to the Cd 6 Yb approximant, which has a bcc packing of identical icosahedral clusters. In the core of each cluster, there is a tetrahedron created by four positionally disordered Cd atoms, as shown in figure 3(c), which breaks the icosahedral symmetry. The iQcs and approximants having identical cluster structures have been found in several alloys [11, 30, 31] . The iQcs and approximants of the Cd-Yb class have been found in a large number of alloys and constitute the largest of the three classes of iQcs.
Metastable iQcs with quenched-in phason disorder
Many efforts were made to find new iQcs by substituting Mn with other transition metals or by adding metalloids, soon after the discovery of iQc. These attempts did lead to the discovery of a number of metastable iQcs. It was also found that the equilibrium states of the metastable iQcs are generally crystalline compounds or approximants. As described above, an approximant is a compound whose composition and structural unit are very similar to that of the corresponding iQcs, but is nevertheless a crystal. The structures of approximants have been well defined and have been analyzed locally as icosahedral clusters [23] [24] [25] [26] . Since the iQcs could be obtained by conducting rapid solidification from the crystalline approximants, the quasicrystalline phases were realized to be energetically metastable phases with respect to the corresponding crystalline approximant. As a result, the metastable iQcs generally reveal shifts of peak positions or/and broadening of peak widths. Actually, broadening of peak widths in diffraction patterns can arise either from isotropic strains or from a superposition of the shifted peaks produced by large regions containing different average linear strains. Either linear strain or isotropic strain observed in quasicrystals is 'phason strain', which is the characteristic disorder for quasicrystals but does not exist in crystals. Phason strains are represented by shifts of peak positions and broadening of peak widths, which strongly depend on the growth process. In this section, we focus on two examples of metastable iQcs formed by different processes; an Al 72 For a fully annealed stable iQc that is almost free of phason disorder, a certain amount of phason disorder can be introduced by liquid quenching. The degree of such quenched-in phason disorder in iQcs differs in different alloy systems, e.g. it is very severe for the Al-Cu-Fe system but not significant for the Al-Pd-Mn system. This difference is discussed in terms of the inherent chemical order in 3.3. By conducting liquid quenching, the iQc is formed in a wide compositional range for the Al-Pd-Mn system, and there is a relationship between composition and phason disorder. This will be discussed in 3.4.
iQc prepared by rapid solidification (Al-Pd-Cr)
In general, a quasicrystal grain contains phason strain created during the growth process, which, unlike phonon strain, relaxes slowly and is effectively quenched. In a sufficiently large region of a grain, the variations of the phason strain field can be decomposed into an average linear variation, which leads to shifts of the diffraction peaks, and nonlinear modulations, which lead to peak broadening [32] . Actually, neither the peak shift nor peak broadening is solely observed in real samples. They always appear concurrently. Generally, shifts of diffraction peaks are mainly observed in metastable iQcs prepared by melt-spinning, i.e. the linear phason strain is prominent in the samples [33, 34] . Figure 4 is a bright-field image and corresponding selected-area diffraction patterns taken from the areas indicated by circles. Depending on the area, diffraction patterns display different distortion or deviation of reflections. This is particularly clear for the innermost reflections. Shown in figure 5 are the (a) microstructure and (b)-(d) electron diffraction patterns taken along different axes for a melt-spun Al 72 Pd 25 Cr 3 alloy. The sharp grain boundaries and a large number of striated contrasts within grains are clearly seen in figure 5(a). For example, the grain at the center exhibits striated contrast radiating from right-hand side of the image. It is inferred that crystal growth of the grain originated from the right-hand side and progressed along g-direction (indicated with an arrow) to the upperleft corner. The diffraction patterns of figures 5(b), (c) and (d) were obtained from the area indicated by a white circle by tilting through the appropriate angles to the two-, threeand five-fold orientations. The size of the white circle is the size of the selected area aperture used to obtain diffraction patterns. The diffraction pattern corresponding to figure 5(a) is the twofold pattern shown in figure 5(c). According to this pattern, one can realize that the growth direction (g) is along a fivefold direction of the iQc grain. It is also clear that most of the diffraction spots deviated from ideal positions and formed a jig-zag arrangement of spots that is particularly conspicuous along the growth (fivefold) direction, indicating that phason strain formed during the growth process. The anisotropic phason strain was explained in terms of a strain field, as described in the following.
In general, an iQc is described by three-dimensional quasiperiodic tiling in which two rhombohedra are used to produce a structure with icosahedral symmetry. The treatment of phason strains in the form the density wave of the tiling pictures, and the connection between them have been given in [9] . In the tiling picture, a spatially varying phason strain variable (W ) produces flipping between the two rhombohedra. Matching rules governing the spatial arrangement and attachment of edges of the two cells are locally violated, producing misfits. In the mass density wave picture, strains in the iQc produce shifts (φ) in the phase of waves [9] 
Here, U is the conventional strain displacement variable and W is taken to be linearly related to the lattice position through g g a phason strain matrix M [35] . (U (x) and W (x) are taken to be functions of position x in the iQc.)
M is a 3 × 3 matrix with elements m i j . This relationship gives the change in the phason variable over the region of interest.
In the Fourier analysis of the mass density, the phason variable shifts the phase of the wave according to
The second term in the parentheses is the shift in the observed reciprocal lattice wave vector G
That is each reciprocal lattice point will be shifted, in the presence of phason strain by a vector obtained from the three components (G ⊥ ) of the rotated six-dimensional vector.
Distortion from icosahedral symmetry in electron diffraction patterns was derived by the method described by Follstaedt and Knapp [36] . The patterns in figures 5(b) through 5(d) were obtained from the same area of a grain after tilting through the appropriate angles to the five-, three-and twofold directions. (A set of x, y and z axes of a reference cube is shown for the patterns indicated by arrows.) Deviations of peaks from ideal positions of perfect icosahedral symmetry are used to estimate the matrix (M) described above. The shifts of weak reflection in the x direction as a result of the nonzero element of M(m 11 ) produce clear jogs from straight lines; intense reflections remain more nearly aligned. Here,
is the shift of the reflection evaluated from diffraction patterns. It has been discussed that the dependence of the shifts on G in equation (4) indicates that weak reflections will normally be shifted the most since their intensity is inversely proportional to |G ⊥ |. Such shifts of the distortion are due to phason strains. On the basis of detailed analysis, the phason strain matrix for the grain, , where the axes for M are three orthogonal twofold axes, x, y and z, indicated in figure 5(e). In this sample, only one sector of diffraction patterns was examined so that no information on the z-axis is given. In view of the diffraction patterns, the phason strain is not a completely linear but is more complicated. The elongation of reflections along the same direction implies that phason strains with the same matrix tensor but different strength are continuously distributed in the sample. However, they are roughly approximated to linear 
iQcs formed by crystallization of amorphous phases (Al-Cu-V, Al-Mn-Si)
The structural relationship between liquid and iQc was discussed in terms of the orientational order of icosahedral clusters soon after the discovery of iQcs. A moleculardynamics simulation of an undercooled Lennard-Jones liquid [42] revealed a structure with an icosahedral bond orientational order. A comparison of the structure between liquid and iQc gave rise to the idea of an icosahedral glass (IG) model [43, 44] , by which the inherent disorder in iQc is interpreted. Although the IG model failed to explain the sharp diffraction peaks observed in several stable iQcs, the idea still prevails that there exists a structural correlation between the amorphous phase and iQcs. The iQcs formed through the crystallization of the amorphous phase were first observed in thin film samples of Al-V and Al-Mn alloys. A single phase of iQc, which is converted from the amorphous phase without a change in composition, was found in Pd-U-Si, Al-Mn-Si and Al-Cu-V alloys [45] . Recently, the crystallization of the amorphous phase to the iQc was also observed in some Zr-based alloys [46] . However, the amorphous phases in these alloys do not completely convert to the iQc, i.e. the iQc always coexists with the amorphous phase. Here, we describe the structure of the iQc of this type in Al 53 [24] for the former and the V-V correlation (∼0.51 nm) in α-AlV [47] for the latter. The Mn-Mn correlation is the distance between Mn-Mn in the Mackay icosahedron verified in α-AlMnSi, and the V-V correlation is the distance between atoms that are located at the centers of icosahedra in α-AlV. A number of x-ray diffraction studies have revealed that the structure of the iQc is identical to that of the amorphous phase within 0.6 nm for Pd 60 U 20 Si 20 [48] and Al 75 Cu 15 V 10 alloys [49] . The results suggest that the icosahedron in the corresponding intermetallic compound also exists in the amorphous phase and the iQc. However, the iQc in Al 53 Mn 20 Si 27 and Al 75 Cu 15 V 10 alloys is not stable, and transforms to a mixture of crystalline phases at higher temperatures. α-AlMnSi and α-AlV coexist in the mixture of crystalline phases, and thus, the description of the chemical short-range order in these two alloys is reasonable.
As mentioned previously, iQc crystallizes via a nucleation-growth process in which the growth is isotropic and no planar facet is observed, as shown in figures 7 and 8. This morphology is easily explained in terms of the random aggregation of icosahedral clusters. In this way, local icosahedral units are excreted by the attachment of an icosahedron to a randomly chosen vertex or face of the icosahedral seed. To ensure orientational order, adjacent icosahedra are given the same orientation. This idea is supported by the results of high-resolution TEM observation. Figure 9 shows (a) the high-resolution image, (b) the selected-area diffraction pattern taken with the incident beam along the fivefold axis, and (c) the pattern obtained by connecting the bright dots in figure 9(a) . The fringes in figure 9 (a) exhibit mismatch along various directions, indicating a random distribution of phason disorder. The pattern drawn from the lattice image ( figure 9(c) ) is a two-dimensional structure consisting of pentagons stuck together, side by side, in a random manner. Besides the 'diamonds' and 'boats' often observed in ideal Penrose tiling, the lattice image reveals unique tear-like or crack-like defects, shown as dark areas, which is similar to the icosahedral glass model pattern derived by simulation. Although the structure of the iQc is highly defective, the figure 10 , in which no visible deviation of spots from fivefold symmetry positions is observed. This is an indication that phason disorder isotropically distributed in the structure of the iQc. These observations all support the idea that the structure of the iQc obtained by the crystallization from the amorphous phase is a good example of the icosahedral glass model.
The prototype of the icosaheral glass model in three dimensions was first proposed by Shechtman and Blech [43] in an attempt to interpret the diffraction pattern from the Al-Mn iQc. Stephens and Goldman further developed this model and, in particular, considered the origin of peak broadening in the diffraction pattern [44] . The icosahedral glass models simulated with the growth algorithm have been discussed in detail, where models based on various linkages of icosahedral clusters, i.e. edge-packed, vertexpacked and face-packed, were proposed. These models all predicted the dependence of peak widths on G ⊥ n with n around 2-2.5 [50] , whereas the phason strain model predicted linear G ⊥ dependence of peak widths [50] . Figure 11 shows the experimental data for powder x-ray peak widths as a function of G ⊥ for the iQc crystallized from the amorphous phase in Al 53 Mn 20 Si 27 and Al 75 Cu 15 V 10 alloys [51] and for a stable AlCuFe quasicrystal prepared by normal solidification with consequent annealing. The dependence on G ⊥ is observed for the Al-Mn-Si and Al-Cu-V samples but not for the Al-Cu-Fe sample. However, because of the limited accuracy of the data, it is difficult to assert which model fits the former two samples well. For the Al-Cu-Fe sample, there is no clear dependence on G ⊥ since the sample is almost free of phason disorder. A promising way of producing icosahedral glass is to incorporate a more realistic growth process in which the basic packing algorithm allows the attachment of new icosahedral clusters to the existing assembly at any available face. This is similar to the aggregation model for fractal growth. One can constrain the assembly to grow in concentric shells, so that all available sites within the same radius of the initial seed must be filled before the attachments at a larger radius are allowed. In this sense, it is an isotropic (spherical) growth in which the compositions before and after growth are expected to be the same. This is in agreement with what we observed [51] in the growth process. By applying some modifications, Robertson and Moss extended the random cluster growth model and successfully explained the experimentally observed linear dependence on G ⊥ [52] . Therefore, the best model for describing the structure of the iQc is a modified icosahedral glass model. 
Quenched-in phason disorder and chemical order in Al-Cu-Fe and Al-Pd-Mn
So far, we have discussed the phason strains observed in real iQcs prepared by rapid solidification and by crystallization from an amorphous phase. In both cases, the iQcs are metastable and formed only when accompanied with phason disorder introduced during the growth processes. In this sense, the phason disorder keeps the overall structure of iQc at an icosahedral symmetry. The nature of phason disorder strongly depends on the growth process; anisotropic and fast solidification facilitates the formation of linear phason strain, as seen in the AlPdCr sample, and growth in an amorphous solid leads to isotropic phason strain or random phason strain as seen in the AlCuV and AlSiMn samples. On the other hand, since the stable AlCuFe iQc was fully annealed at high temperatures where most phason disorder had been annealed out, the diffraction peaks revealed peak widths comparable to the instrumental resolution. High resolution xray measurements reveal that the peak widths of the stable AlCuFe and AlCuRu iQc [16] have negligible dependence on G ⊥ . Previous diffraction studies on Al 72 Pd 25 Cr 3 have shown that the phason strain in this sample correlates with the growth direction and is frozen into the structure as the overall form of the sample. Hiraga et al observed phason strain in as-cast, unannealed samples of AlCuRu [53] . The cases described above state that the phason disorder undoubtedly arises in the growth process.
On the other hand, the stable iQc in Al 70 Pd 20 Mn 10 alloy is slightly different from those in AlCuFe and AlCuRu alloys. Figure 12 shows partial x-ray diffraction patterns for (a) Al 70 figure 13 , where the dependence of peak widths (HWHM) on G ⊥ for as-quenched and annealed states is shown. The figure clearly shows that the peak widths remain at a nearly constant value of 0.0025 Å −1 independent of G ⊥ , in contrast to the linear increase in the peak width reported for as-quenched Al-Cu-Fe [54] . Actually, phason disorder is closely related to chemical order in the Al-Cu-Fe sample. The peak of 1/2(311111) in figure 12, which is a superlattice peak and characteristic of the structure of the face-centered icosahedral (FCI) phase, is faint in the quenched sample but becomes very strong after subsequent annealing. The diffraction pattern of the iQc without the 1/2(311111) peak is regarded as that of a simple icosahedral phase (SI). The appearance and absence of this peak indicates some sort of order-disorder transformation [55] . With this in mind, we can recognize that the increase in the intensity of the 1/2(311111) peak is always accompanied by a sharpening of diffraction peaks. This indicates that chemical ordering concurrently occurs with the relaxation of phason disorder. On the other hand, there is little difference in peak widths among all diffraction peaks and in the intensity of the 1/2(311111) peak between study revealed that fully annealed stable iQc Al 70 Pd 20 Mn 10 exhibits a overall long-range structure better than that of the melt-quenched sample, but the melt-quenched sample still displays the best local structure [58] .
Phason disorder and chemical compositions (Al-Pd-Mn)
In the previous section, it was shown that the occurrence of phason strain in the iQc strongly depends on the chemical order. The iQc with a composition deviating from stoichiometry always manifests considerable phason strain, as evidenced by the peak broadening [59] , while diffraction peaks of the stable iQc are very sharp and appear to be the same in fully annealed and melt-quenched samples. Al 74 Pd 17 Mn 9 alloy, which slightly deviates from the stoichiometry of the iQc, is a single iQc phase in the melt-quenched state, which is somewhat stable even at 863 K, whereas the single phase decomposes to a mixture with a new iQc phase and a few crystalline phases after annealing at 1073 K, as shown in figure 14 . Figure 15 shows bright-field images and fivefold diffraction patterns for Al 74 Pd 17 Mn 9 (a,c) in the meltquenched state and (b,d) in the annealed state. In comparison with the iQc of the Al 70 Pd 20 Mn 10 sample, the melt-quenched Al 74 Pd 17 Mn 9 reveals broader peak widths. After annealing at 1073 K, concurrent with annihilation of phason strain corresponding to a drastic peak sharpening, the precipitation of crystalline phases occurs. The precipitation of the crystalline phases is an indication that a change in composition of the iQc phase might occur upon annealing. Energy-dispersed x-ray (EDX) analysis verified the composition to be Al 74 region after annealing. The difference in the composition of the Al 74 Pd 17 Mn 9 sample between as-quenched and fully annealed states suggests that the annihilation of phason strain occurs through a composition change in the iQc phase owing to the precipitation of crystalline phases. In TEM observations, it is clear that all precipitates nucleate at grain boundaries and grow into iQc grains via a long-range diffusion of Al/Pd. Since the nominal composition of the sample is slightly lower in Pd compared with stoichiometry, Pd and Al atoms will diffuse across the interface into the iQc phase and into the crystalline phases, respectively, during diffusion. The longrange diffusion of Al and Pd atoms is the driving force behind the elimination of the phason disorder. This is in good agreement with a report [60] that phason disorder is strongly dependent on the composition represented by the ratio of Al/Pd. For an alloy with a composition deviating slightly from stoichiometry, e.g. melt-quenched Al 75 Pd 15 Mn 10 consisting of an iQc phase with a large amount of phason disorder, will trasform entirely to crystalline phases upon annealing. By summarizing the results, a free energy-composition diagram is obtained and shown in figure 16 [60] . As long as temperature is finite, it is possible to have a finite composition for the stable iQc, as shown in figure 16 . The stoichiometric composition of the stable iQc (or phason-free iQc) is in a narrow range, while the melt-quenched (metastable or phason-in iQc) iQc is formed over a wide composition range. According to the phase diagram of Al-Pd-Mn systems, there are several intermetallic phases existing at compositions in the vicinity of the iQc composition. If an alloy has a composition very close to that of the stable iQc, e.g. denoted as C 1 , the difference in energy between phason-containing and phason free iQcs, G 1 , would be small. Here, G 1 corresponds to the energy consumed in the decomposition of phason-containing iQc into the phason-free and crystalline phases. In contrast, if an alloy has a composition far from the stoichiometric one, e.g. denoted as C 2 , the difference in energy, G 2 , will be significantly large. For alloys with compositions in this region, the phasonfree iQc phase is not expected to be formed even upon full annealing, i.e. no equilibrium iQc phase exists. This again demonstrates that the stable iQc is determined by the composition of the alloy itself. As stated in the last section, the stoichiometric iQcs prepared by melt-quenching and by full annealing are similar with respect to peak widths, while a drastic peak broadening occurs if the composition of the sample is off-stoichiometry. Therefore, the off-stoichiometry iQc is thermodynamically unstable and generally contains a certain amount of phason disorder.
Hume-Rothery conditions for stable iQcs
The stable iQcs are those are in equilibrium states within certain temperature ranges and exist in equilibrium phase diagrams. Like crystals, stable iQcs with sizes of centimeter order can be grown by conventional crystal growth techniques, they generally have high perfection of their structures. Similar to those in intermetallic compounds, almost stable iQcs form at narrow range of compositions, and therefore, their stability can be discussed using HumeRothery rules. Table 2 summarizes typical stable iQcs that have been identified so far. Hume-Rothery deduced a series of rules [6] that identify factors favoring the formation of definite phases within certain concentration ranges of noble-metalbased binary alloys. These factors are size, eletronegativity and valence electron concentration. We discuss the stability of iQcs with respect to Hume-Rothery conditions, i.e. the valence electron concentration and the atomic size factor, and compare the iQcs of the Cd-RE class with those of the Al-Mn-Si and Mg-Zn-Al classes. A detailed discussion has been given in [61] .
Valence electron concentration
The valences of transition metals (TM) used here are determined on the basis of Pauling's phenomenological theory [62] . According to Pauling, the 3d and 4s orbitals must be considered as a whole when assessing the nature of bonding. Assigning negative valencies for TM elements in Al-TM alloys has been controversial, but the important point is that the use of these values led to the discovery of a number of stable iQcs. Recently, these values were estimated to be positive in some complex Zn-TM and Al-V alloys [64] and Zn-TM-Sc iQcs [31] . However, to date, there are still no available values for Fe and Mn in Al-TM alloys. It is highly interesting that the effective e/a for Ru derived from an Al-Cu-Ru-Si approximant is ∼0.76 [65] . If we apply this value to Al 63 Cu 25 Ru 12 , we obtain an average e/a of ∼2.13 for the stable iQc, and the iQcs of the AlMnSi class would fall into the AlZnMg and Cd-Yb classes.
The physical meaning of the Hume-Rothery condition of the definite e/a for the stable iQcs is interpreted in terms of the formation of the pseudogap across the Fermi level as a result of an interaction between Fermi sphere and Brillouin zone [66] . The observation of the smallest electron specific heat coefficient (γ ) for a stable AlCuRu iQc among a number of Al-based alloys is evidence supporting the abovementioned speculation [67] . Stability in this viewpoint had been applied to approximants and several complex alloys and has been reviewed in three articles [65, 68, 69] .
Apart from the Al-Mn-Si class in which the stable iQcs shows a narrow range of e/a of 1.75, those in the Mg-Zn-Al and Cd-Yb classes exhibit more flexible e/a ranging from 2.0 to 2.15. However, the stable iQcs formed in Zn 60 figure 18 that the iQc and the 2/1 and 1/1 approximants formed in a narrow composition region in the binary phase diagram of the Cd-Yb system also exist in the pseudo-binary phase diagram of the In-Ag-Yb system [70] . The replacement of Cd by In and Ag is possible not only for iQc but also for the 2/1 and 1/1 approximants. This is further solid evidence that e/a is the most prominent factor in governing the stability of the quasicrystalline structure.
Atomic size factor
The atomic size factor of an alloy containing A and B elements is defined as δ = (r A − r B )/r A where r A and r B are the atomic radii of atoms A and B, respectively. For the Al-Mn-Si class, iQcs are formed within a very narrow compositional range with e/a limited between 1.7 and 1.8. A slight change in composition would result in the formation of crystalline phases. In this class, e/a is the dominant factor in the formation of the iQc.
For the Zn-Mg-Al class, the stable iQc shows a solubility range. The replacement of Zn by Mg reaches 5 at.% in this iQc, which induces an expansion in the lattice, as observed in x-ray diffraction patterns, confirming the dissolution of Mg into the quasicrystalline structure. The value of δ for Zn/Mg is about 15%, which corresponds to the limits of the solubility. The importance of the atomic size of the RE element to phase formation in this class is reflected in the observation that the stable iQcs are formed in alloys containing RE elements with atomic radii in the range of 0.173-0.179 nm.
For the Cd-Yb class, the iQc has a high solubility of Mg. It has been reported that the formation range of the iQc expands towards the Mg-rich side [71] . The iQc forms even when Cd is replaced with 60 at.% Mg. The δ for Cd/Mg is 2% and this allows for a large replacement of Cd by Mg.
Different constrains among groups
The stability and range of solubility of the iQcs could be clarified within the framework of the Hume-Rothery rules. However, the criteria are slightly different among the three groups.
The first priority of the criterion for the formation of iQcs is e/a. This is definitely rigid and even stricter than in the case of the electron phases that were studied by Hume-Rothery [6] , and thus it turns out to be characteristic of stable iQcs. The fact that the formation of Cd-Yb and Cd-Ca extends to In-Ag-Yb and In-Ag-Ca ternary alloys indicates the importance of e/a.
The low solubility of the stable iQcs of the Al-Mn-Si class is due to a significant difference in valence among the constituent elements. For example, the replacement of an Al by one Fe atom will induce a decrease of 5.66 electrons. A slight change in composition results in a large deviation of e/a. This explains the low solubility and the narrow composition range of the iQcs in the Al-Mn-Si class. Since both Zn and Mg are divalent, an exchange between Zn and Mg does not change the e/a for the Zn-Mg-Al class, and thus a certain amount of replacement is allowed. However, when the e/a is favorable the atomic size factor will become dominant and the large δ forces the maximum solubility of Mg to be limited to less than 5 at.%. A detailed study on phase formation indicated that 2-3 at.% replacement of Y by Mg is acceptable and that the composition constraint is lower than that in the Al-Mn-Si class.
For the Cd-Yb class, the range of solubility (Cd/Mg replacement) in the iQc expands to 60 at.%. This can be simply explained by the similarity in both the valence and the atomic size factor between Cd and Mg. The Cd/Mg replacement first preserves the e/a criterion and leads to a small δ of only ∼2%. The product of δ and solubility is a measure of the distortion due to atom replacement. For smaller δ, a larger solubility is expected. A small amount of Yb replacement is even allowed in this system.
Concluding remarks
In this review, we focused on three examples of iQcs fabricated by different processes; stable iQcs grown by slow cooling or casting with subsequent annealing, metastable iQcs prepared by melt-spinning, and metastable iQcs formed by the crystallization of the amorphous phase. The stability was discussed in terms of Hume-Rothery rules for the stable iQcs and in terms of phason disorder for metastable iQcs. The roles of composition and chemical order were also discussed in relation to phason disorder.
It seems that the origin of the stabilization mechanism is different for the stable and metastable iQcs. Nevertheless, there is a common feature observed in most iQc-forming alloy liquids or their undercooled liquids: a local icosahedral order. For a stable AlPdMn iQc, the icosahedral order was observed in the liquid state just above the melting temperature [57] . For a metastable Al-Mn iQc the icosahedral order was observed in the undercooled liquid state [66] . Icosahedral orders observed in amorphous AlCuV and AlMnSi alloys are another proof that icosahedral order does exist in the undercooled liquid. Recently, there was an interesting report of the observation of an enhanced icosahedral short-range order with undercooling in Ti 39.5 Zr 39.5 Ni 21 liquids which form iQcs upon rapid solidification, in an electrostically levitated droplet [67] . Figure 19 shows (a) cooling curves of the liquids and (b) the diffraction patterns in each cooling stage. There are two recalescence events in the cooling curves for the undercooled liquids: the 1st recalescence is responsible for the transition of the iQc and the 2nd one is the transition to a C14 (Laves) phase. This is the first direct evidence that verifies Frank's hypothesis [68] . It was also reported that the activation energy for nucleation is lower for an icosahedral cluster than for cubic base clusters in a number of Al alloys [56] . For the same reason, we can expect to observe the icosahedral order in undercooled liquids of the Al-Pd-Cr alloys. For simplicity, we can say that the icosahedral order is in equilibrium in the liquid state for the stable iQcs, whereas the icosahedral order prevails in the undercooled liquid state for the metastable iQcs. The stability and the density of the icosahedral order in liquids govern which phase will be formed during solidification: a metastable iQc or a stable iQc. To obtain a universal picture, approaches concerning the liquid structure of non-Al-based iQc-forming alloys are highly promising.
